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The failure of frictional interfaces and the spatiotemporal structures that accompany it are central
to a wide range of geophysical, physical and engineering systems. Recent geophysical and laboratory
observations indicated that interfacial failure can be mediated by slow slip rupture phenomena which
are distinct from ordinary, earthquake-like, fast rupture. These discoveries have influenced the way
we think about frictional motion, yet the nature and properties of slow rupture are not completely
understood. We show that slow rupture is an intrinsic and robust property of simple non-monotonic
rate-and-state friction laws. It is associated with a new velocity scale cmin, intrinsically determined
by the friction law, below which steady state rupture cannot propagate. We further show that
rupture can occur in a continuum of states, spanning a wide range of velocities from cmin to elastic
wave-speeds, and predict different properties for slow rupture and ordinary fast rupture. Our results
are qualitatively consistent with recent high-resolution laboratory experiments and may provide a
theoretical framework for understanding slow rupture phenomena along frictional interfaces.
I. INTRODUCTION
Understanding the dynamic processes that govern in-
terfacial failure and frictional sliding, e.g. an earthquake
along a natural fault, remains a major scientific challenge.
Recently, several geophysical and laboratory observations
have pointed to the possibility that stress releasing inter-
facial slip can be mediated by the propagation of rupture
fronts whose velocity is much smaller than elastic wave-
speeds [3, 17–19].
The nature and properties of these slow rupture fronts,
and in particular their propagation velocity, are still not
fully understood. The experiments of Ben-David et al.
[3], Rubinstein et al. [19] clearly demonstrate the exis-
tence of a minimal propagation velocity below which no
fronts are observed. To the best of our knowledge, no
theoretical understanding of this minimal velocity is cur-
rently available.
Frictional phenomena are commonly described using
phenomenological rate-and-state friction models, see for
instance Baumberger and Caroli [2], Bizzarri [6], Di-
eterich [11], Ruina [20]. Two possible mechanisms for
generating slow rupture events were invoked in this
framework. The first involves a non-monotonic depen-
dence of the steady state frictional resistance on slip ve-
locity [13, 22, 23], while the second involves spatial vari-
ation of frictional parameters and stress heterogeneities
[15, 25]. The former mechanism is an intrinsic property
of the friction law, while the latter mechanism is an ex-
trinsic one. The laboratory measurements of Ben-David
et al. [3, 4], Rubinstein et al. [19], performed on a quasi-
2D spatially homogeneous system, may suggest that the
second mechanism is not necessary for the existence of
slow rupture.
In this study we show that slow rupture naturally
emerges in the framework of spatially homogeneous rate-
and-state friction models. Our analysis is based on
a friction model that includes an elastic response at
small shear stresses and a transition to slip above a
threshold stress. The model exhibits a crossover from
velocity-weakening friction at small slip rates to velocity-
strengthening friction at higher slip rates, which we argue
to be a generic feature of friction.
The existence of a minimal rupture front velocity cmin,
which is determined by the friction law and is indepen-
dent of elastic wave-speeds, is predicted analytically in
a quasi-1D limit. We show that there exists a contin-
uum of rupture fronts with velocities ranging from cmin
to elastic wave-speeds, in qualitative agreement with re-
cent laboratory measurements [3] and possibly consistent
with field observations [18]. We further show that slow
rupture is significantly less spatially localized than or-
dinary fast rupture. These predictions are corroborated
by explicit calculations for a rock (granite) and a poly-
mer (PMMA), demonstrating the existence of slow rup-
ture which is well-separated from ordinary fast rupture.
We believe that these results are potentially relevant for
slow/silent earthquakes in geological contexts.
II. A RATE-AND-STATE FRICTION MODEL
Here we extend the recent ideas of Bouchbinder et al.
[7], Braun et al. [8], Brener and Marchenko [9] into a
realistic rate-and-state model of spatially extended fric-
tional interfaces. As is well known, such interfaces are
composed of an ensemble of contact asperities whose to-
tal areaAr is much smaller than the nominal contact area
An and which exerts a shear stress τ that resists sliding
motion. We decompose τ into an elastic part, emerging
from the elastic deformations of contact asperities that
are characterized by a coarse-grained stress τel, and a
viscous part τvis
τ = τel + τvis = τel + η v∗A sgn(v) log
(
1 +
|v|
v∗
)
, (1)
where η is a viscous-friction coefficient, v is the slip ve-
locity (slip rate), v∗ is a low-velocity cutoff scale and
A=Ar/An≪1 is the normalized real contact area. The
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FIG. 1: (a) A schematic sketch of the homogeneous solutions
of τ (v). (b) f(v) for PMMA [1]. The solid line is a fit to Eq.
(4). (c) f(v) for granite with σ = 5 MPa [14], in which we
added an overall constant. The solid line is a fit to Eq. (4).
(d) f(v) for paper [12].
viscous-stress τvis, which increases with v and scales with
A, is usually associated with activated rate processes at
asperity contacts (see also discussion in Bizzarri [6]). The
1 inside the log ensures a regular behavior in the limit
v → 0, but otherwise plays no crucial role in what follows.
The next step is writing down a dynamic evolution
equation for τel. τel is stored at contact asperities at a
rate determined by v and that is proportional to both the
interfacial elastic modulus µ0 and A. It is released as con-
tact asperities are destroyed after slipping over a charac-
teristic distance D (of the order of the size of a contact as
in conventional rate-and-state models [2, 11, 20]), when
the asperity-level stress surpasses a yield-like threshold
τc. This physical picture is mathematically captured by
writing [7]
τ˙el = µ0A
v
h
−
τel|v|
D
θ
( τ
A
− τc
)
, (2)
where h is the effective height of the asperities. Note that
the coarse-grained stress τ is enhanced by a factor A−1≫
1 at the asperities level and that the geometric nature of
elastic stress relaxation, emerging from the multi-contact
nature of the interface, is captured by the introduction
of a spatial length D. The appearance of a Heaviside
step function θ(·) is an outcome of the basic notion of a
local static threshold for sliding motion. The evolution
law in Eq. (2) features a reversible elastic response at
small shear stresses, τ ≃ τel = µ0Au/h, where u is the
shear displacement. This elastic response is usually not
included in friction models (but see Bureau et al. [10],
Shi et al. [21]), even though it was directly measured
experimentally [5].
To proceed, we write the normalized contact area
A in terms of a state variable φ as A(φ, σ) =
A0(σ) [1 + b log(1+φ/φ
∗)] [2]. Here σ is the (compres-
sive) normal stress and A0(σ) = σ/σH , where σH is the
hardness. The evolution of A is phenomenologically cap-
tured by Dieterich’s law [11], extended here by stipulat-
ing that the transition from the aging regime (v=0) to
the sliding regime (v 6=0) is controlled by the same step
function as in Eq. (2), yielding
φ˙ = 1−
φ|v|
D
θ
( τ
A
− τc
)
, (3)
where φ is interpreted as the “geometric age” of the
contacts. Equations (1)-(3) determine the evolution of
τ(t), i.e. constitute our proposed friction law. We note
that if Eq. (2) is replaced by its steady state solution,
τel ∼A(φ), our friction model becomes essentially iden-
tical to the conventional rate-and-state model (see also
auxiliary material discussion).
Before we proceed we note a very important feature
of rate-and-state friction models, which is not specific
to the present model. In the absence of persistent slid-
ing, v = 0, we have φ = t and the contact area ages
logarithmically A ∝ 1 + b log(1+ t/φ∗), as is widely ob-
served [2]. The latter form suggests that the logarith-
mic law is cutoff at short timescales, smaller than φ∗,
as was directly confirmed experimentally in Ben-David
et al. [4], Dieterich [11], Nakatani and Scholz [16]. This
very same short timescales cutoff manifests itself also un-
der persistent sliding, v 6=0, for which we have φ=D/|v|
and A ∝ 1 + b log[1 + D/(φ∗|v|)]. In this case, A sat-
urates at a finite value above a typical slip rate of or-
der D/φ∗ and the fixed-point of Eq. (2), τel ∝ A, be-
comes v-independent as well. As a consequence, τ , which
usually exhibits a velocity-weakening behavior at small
v, becomes velocity-strengthening as the viscous-friction
term in Eq. (1) takes over (see also discussion in Biz-
zarri [6]). Thus, rate-and-state friction models quan-
titatively predict a non-monotonic dependence of the
steady state sliding friction on the slip rate, an obser-
vation that has been largely overlooked in the literature
(but see Baumberger and Caroli [2], Shibazaki and Iio
[22], Weeks [23], Yang et al. [24]) and that will play an
important role below.
III. STEADY STATE RUPTURE FRONTS
Propagating front solutions exist in multi-stable sys-
tems in which one homogeneous (space independent) so-
lution invades another one, giving rise to non-trivial spa-
tiotemporal structures. The spatially homogeneous solu-
tions of Eqs. (1)-(3), as a function of a driving stress τd,
are shown in Fig. 1a. A branch of elastic (static) solu-
tions exists at v=0, where aging effects are neglected, i.e.
we assume that ψ0≡ b log(1 + t/φ
∗) is roughly constant
for the timescales relevant for front propagation (essen-
tially we set t=φ0). A branch of steady sliding solutions
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FIG. 2: From top to bottom, v(ξ), τ (ξ) (green), τ el(ξ) (ma-
genta) and A(ξ) for a steady state rupture mode in granite
propagating from left to right at cmin ≈ 3.3 mm/sec ≪ cs.
σ∆f is the dynamic stress drop.
with v>0 takes the form
f =
τss
σ
≃ f0 + α log
(
1 +
v
v∗
)
+ β log
(
1 +
D
φ∗v
)
, (4)
where α≡η v∗/σH , β≡µ0D b/σHh, f0≡β/b and f is the
steady sliding friction coefficient. Note that we neglected
a term of order log2 in Eq. (4). As discussed above,
steady sliding friction is indeed non-monotonic (when α<
β); friction is velocity-weakening for v∗≪v≪D/φ∗ and
velocity-strengthening for v≫D/φ∗, with a minimum at
vm≃(D/φ
∗)(β − α)/α.
At the minimum, we define the friction stress as τm =
τss(vm). Figs. 1b-d present experimental data for a poly-
mer (PMMA), a rock (granite) and paper, where the last
two data sets clearly demonstrate the non-monotonic na-
ture of sliding friction, and the first one presumably does
not span a sufficiently large range of v’s to detect a min-
imum.
Consider now a homogeneous driving stress τd. For
τd < τm there exists only one stable homogeneous solu-
tion, the elastic (static) one. Upon increasing τd above
τm, three solutions exist: the elastic one with v=0 and
two steady sliding solutions, one with v < vm (typically
unstable) and one with v > vm (typically stable). The
critical point τd=τm corresponds to a bifurcation, which
suggests a qualitative change in the behavior of the sys-
tem. At this point we expect steady state propagating
rupture, in which a solution with v≥vm invades an elas-
tic (static) solution with v = 0, to emerge. Denote the
propagation velocity of such fronts by c and the one cor-
responding to τd=τm by cmin.
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FIG. 3: The numerically calculated cmin for granite vs.
the analytic prediction appearing on the right-hand-side of
Eq. (9), which we denote here as cpr. (inset) cmin/vm vs.
ℓ(cmin)/D as obtained in the numerical calculations, cf. Eq.
(9). The dashed lines are guides to the eye.
In order to find propagating rupture solutions, and in
particular to calculate cmin, we need to couple the fric-
tion law in Eqs. (1)-(3) to an elastic body. It would not
be easy to analytically calculate cmin when the body is a
2D medium. Therefore, to gain analytic insight into the
properties of the steady state fronts, we assume that the
height H of the elastic body (say in the y-direction) is
much smaller than the spatial scale of variation ℓ of fields
along the interface (in the x-direction), i.e. we consider a
quasi-1D limit. Under these conditions we obtain (aux-
iliary material)
Hρ∂ttu(x, t) ≃ Hµ∂xxu(x, t) + τ
d − τ(x, t) , (5)
where µ is the bulk shear modulus and u is the interfacial
shear displacement (slip) that satisfies ∂tu = v. Note
that we have omitted constants of order unity in Eq. (5)
and that in the quasi-1D limit both the driving stress
τd and the friction stress τ do not appear as boundary
conditions, but rather as terms in the “bulk” equation.
We now look for steady state propagating solutions of
Eqs. (2), (3) and (5) in which all of the fields take the
form g(ξ = x − c t), where c is the propagation velocity,
such that a sliding solution at ξ→−∞ propagates into
an elastic solution at ξ→∞. Smoothly connecting these
two different solutions around ξ = 0 provides solvability
conditions that allow the calculation of c. We stress that
c must be distinguished from the slip rate v.
cmin is being estimated using a scaling calculation in
which the loading τd is homogeneous and equals to its
threshold value τm. A self-consistency constraint on the
quasi-1D formulation is H ≪ ℓ, where ℓ is the spatial
scale characterizing all of the fields in the front solution
(as defined above). We first use ∂t=−c∂ξ to transform
Eqs. (2), (3) and (5) into the following set of coupled
4ordinary differential equations
H (µ/c− cρ) ∂ξv = τ
d − τ , (6)
−c∂ξτ
el = µ0
v
h
A(φ, σ) −
τel|v|
D
θ
( τ
A
− τc
)
, (7)
−c∂ξφ = 1−
φ|v|
D
θ
( τ
A
− τc
)
. (8)
We stress that the front velocity c in these equations is
not a-priori known, but is rather a “nonlinear eigenvalue”
of this problem, which is determined from the condition
that the spatially-varying propagating solution properly
converges to the homogeneous sliding solution at ξ→−∞
and to the homogeneous elastic solution at ξ→∞.
A scaling analysis of the above equations (auxiliary
material) yields
ℓ(cmin)∼D
cmin
vm
and cmin ∼ vm
√
µH
σD∆f
, (9)
where σ∆f is the dynamic stress drop, cf. Fig. 2 (middle
panel).
Several features of this central result are noteworthy.
First, cmin is finite and proportional to vm. Second, it
is independent of inertia, i.e. it does not scale with the
elastic wave speed cs=
√
µ/ρ [9]. Finally, cmin depends
on: (i) the properties of the friction law, e.g. on con-
stitutive parameters such as the viscous-friction coeffi-
cient η (through vm) and the (dimensionless) dynamic
stress drop ∆f , and on the microscopic geometric quan-
tity D, (ii) the bulk geometry throughH , (iii) the normal
stress as σ−1/2 and (iv) the bulk shear modulus µ. We
expect these features to remain qualitatively valid inde-
pendently of the explicit form of the friction law and of
dimensionality as long as steady sliding friction exhibits
a non-monotonic behavior (cf. Fig. 1a), as suggested in
Bouchbinder et al. [7].
To test the analytic prediction in Eq. (9), we deter-
mine the friction parameters for a rock (granite) and a
polymer (PMMA) using various sources and data sets
(auxiliary material). In addition, we set H=100µm, and
σ=5 MPa for granite (as in Fig. 1c) and σ=1 MPa for
PMMA (as in Ben-David et al. [3, 4]). Finally, the state
of the interface in the non-flowing region was chosen such
that ψ0 = 0.06 (granite) and ψ0 = 0.6 (PMMA). In Fig.
2 we show a steady state rupture solution obtained by
numerically integrating our model equations for granite.
The propagation velocity, cmin = 3.3mm/sec, is about
than six orders of magnitude smaller than cs∼10
3m/sec,
qualifying it as “slow rupture”, and ℓ(cmin) is on a mm
scale, satisfying H≪ℓ as required by self-consistency.
A similar calculation for PMMA (auxiliary material)
yields cmin = 3.8m/sec, which is about three orders of
magnitude larger than cmin for granite. This is expected
since the square root term in Eq. (9) is not dramatically
different for the two materials, but vm is (cf. Figs. 1b-c).
Recall that vm∼D/φ
∗ and that D is in the µm scale for
both materials (auxiliary material), which imply that the
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FIG. 4: (a) c/cs vs. τ
d/τm for PMMA, under a fixed σ, in
semi-log (main) and linear (inset) scales. (b) c/cL vs. τ/σ in
the PMMA experiments of [3] (courtesy of O. Ben-David and
J. Fineberg) in semi-log (main) and linear (inset) scales. cL is
the longitudinal wave-speed and τ/σ is rescaled such that the
minimal value below which no rupture modes were observed
equals unity. cmin here is of the order of 10 m/sec. (c) ℓ vs.
τd/τm for the spectrum in panel (a).
difference emerges from φ∗. Indeed, φ∗ ∼ 0.1−1 sec for
granite [11, 16] and φ∗∼10−4 − 10−3 sec for PMMA [4].
We test the prediction in Eq. (9) by each time vary-
ing one parameter on the right-hand-side and compar-
ing the prediction to the numerically calculated cmin.
The results are presented in Fig. 3 and exhibit excel-
lent agreement between the analytic prediction and the
numerically calculated values of cmin for granite (similar
results were obtained for PMMA). This result clearly and
directly demonstrates the existence of friction-controlled
slow rupture in our model.
IV. THE SPECTRUM OF RUPTURE FRONTS
The finite velocity scale cmin implies there are no so-
lutions with c < cmin, i.e. the existence of a “forbid-
den” range of velocities in the spectrum of steady state
rupture modes [7]. In Fig. 4a we show the full spec-
trum of rupture propagation velocities as a function of
τd ≥ τm for PMMA (a similar spectrum is obtained for
granite, although cmin is much smaller in this case). In-
deed, there are no solutions with c<cmin and there exists
a continuum of states between cmin and the elastic wave
speed cs. This continuous spectrum seems to be qualita-
tively similar to recent laboratory measurements [3], re-
produced here in Fig. 4b. These measurements, though
not obtained under globally homogeneous loading and
were done in 2D, directly demonstrate the existence of a
threshold driving stress, a minimal slow rupture velocity
and saturation at an elastic wave speed. A detailed quan-
titative comparison to the experiments requires fully 2D
5calculations which are currently underway.
Upon increasing τd sufficiently above τm, rupture trav-
els at a non-negligible fraction of the sound speed and we
can no longer neglect the inertial term in Eq. (6). A scal-
ing analysis (auxiliary material) yields
ℓ(c∼cs) ∼ e
−τd/ασ ≪ ℓ(cmin) . (10)
The strong inequality results from the exponential decay
of ℓ(c) with τd in the inertial regime and the typically
small value of α (∼ 0.01). This result predicts that slow
rupture is much less spatially localized as compared to
ordinary fast rupture. In Fig. 4c we test this prediction
by plotting ℓ vs. τd/τm. The numerical results clearly
confirm the theoretical prediction, demonstrating that
indeed slow rupture is significantly less localized than
rupture propagating at elastodynamic velocities. Fur-
thermore, the exponential dependence predicted in Eq.
(10) is quantitatively verified and the slope agrees with
−1/ασ.
V. SUMMARY AND CONCLUSIONS
Our results, based on a rate-and-state friction law,
show that slow rupture is a well-defined and generic state
of frictional interfaces. The non-monotonic dependence
of the steady state sliding friction on the slip velocity
gives rise to a new, friction-controlled, velocity scale cmin
below which no steady state rupture can propagate. Fur-
thermore, our analysis demonstrates that rupture states
span a continuum, from friction-controlled slow rupture
to inertia-limited, earthquake-like, fast rupture [18]. One
may speculate that transient rupture modes observed
under complex, spatially inhomogeneous, conditions are
short-lived excitations of these steady rupture states, as
was suggested within a specific context in Bouchbinder
et al. [7]. If true, steady state rupture fronts may play
a role analogous to “normal modes” or “eigenstates” in
other dynamical contexts.
The results presented are qualitatively consistent with
recent laboratory measurements on PMMA [3, 19], while
similar results were obtained for a rock (granite). A
quantitative comparison to experimental data requires
2D calculations which are currently underway. We hope
to apply our ideas to a concrete geophysical system (e.g.
to a slow/silent earthquake) in a future investigation.
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S1. THE PROPOSED FRICTION LAW
The basic physical idea behind the proposed friction
law is that contact asperities experience elastic deforma-
tion that contributes to the friction stress τ . We denote
this coarse-grained elastic contribution by τel. We then
write τ as a sum of τel and a viscous-friction stress τvis,
τ = τel + τvis. The latter increases with v and vanishes
as v→ 0. It is a material (constitutive) property which
is not directly related to the multi-contact nature of the
interface, though it must be proportional to the amount
of contact. This picture is analogous to the standard
Kelvin-Voigt model of visco-elasticity, in which an elas-
tic spring and a viscous dashpot element are connected
in parallel. In order to deviate as little as possible from
conventional modeling, we write
τvis(v,A(σ, φ)) = η v∗A(σ, φ) log
(
1 +
|v|
v∗
)
, (A1)
which is essentially the logarithmic “direct effect” term
used in classical rate-and-state models [1]. η is a viscous-
friction coefficient of stress/velocity dimension and v∗ is
the same slip rate scale as in (1). The 1 inside the log en-
sures a regular behavior in the limit v→0, but otherwise
plays no central role here.
The next step is writing down a dynamic evolution
equation for τel [2]. When the shear stress is small, we
expect a purely elastic response. Therefore, the elastic
strain rate experienced by a population of contact asper-
ities of an effective height h reads
vel
h
=
τ˙el
Aµ0
, (A2)
where vel = u˙el represents here the time derivative of
an elastic (reversible) shear displacement and µ0 is an
interfacial shear modulus. Assuming that A is time-
independent (or a slowly varying function of time), we
obtain
τel = Aµ0u
el/h , (A3)
which was directly observed experimentally [3]. These
experiments allow us to constrain the ratio µ0/h.
When the stress at the level of contact asperities
reaches a material dependent strength parameter τc, ir-
reversible slip initiates. After an inelastic slip over the
typical linear size of contact asperities D, contact asper-
ities are being destroyed (i.e. lose contact) and release
their elastic stress. This physical picture in which inelas-
tic slip is initiated upon surpassing a threshold, leading
to a relaxation of the elastic stress during a timescale de-
termined byD/|v|, is analogous to elasto-plastic behavior
of bulk solids. Mathematically, it reads [2]
τ˙el =
µ0A(σ, φ)
h
v −
τel|v|
D
θ
( τ
A
− τc
)
, (A4)
where the stress relaxation term (second term on the
right-hand-side) operates only when τ >Aτc. Note that
the coarse-grained (macroscopic) stress τ is enhanced by
a factor A−1≪1 at the asperities level, accounting for the
fact that a dilute population of contact asperities carries
the macroscopic stress. For τ <Aτc we recover the mea-
surable elastic response with no persistent sliding. For
τ >Aτc, we have τ
el =Aµ0D/h (in steady state) which
depends on v only through A. This happens because v
controls both the rate of elastic loading and of inelastic
relaxation.
To complete the formulation of our friction law, we
need an evolution equation for A(σ, φ), where σ is the
compressive normal stress and φ is a state variable. For
that aim we write [1]
A(σ, φ) = A0(σ) [1 + ψ(φ)] ,
ψ ≡ b log
(
1 +
φ
φ∗
)
,
(A5)
where A0(σ) = σ/σH (σH is the hardness) is an instan-
taneous equation of state. The evolution of A is then
determined by the evolution of φ, which is given in Eq.
(3) in the main text
φ˙ = 1−
φ |v|
D
θ
( τ
A
− τc
)
. (A6)
By comparing Eqs. (A4) and (A6) we note a few
points. First, since the evolution equation for τel de-
pends on A(σ, φ), there exists some interdependence be-
tween τel and the state variable φ. This implies that the
relative time scales of variation of τel and φ may give
rise to different dynamics. In Eqs. (A4) and (A6) above
we assumed that τel and φ evolve on the same timescale
D/v. If, on the other hand, τel evolves much faster than
φ, we can “integrate out” the τel dynamics and essen-
tially recover the classical rate-and-state model [1]. This
is discussed in Sec. S6.
Finally, we comment on another feature of the steady
state sliding curve described by Eqs. (4) in the main
text. This curve diverges logarithmically as v→ 0 since
it contains a term proportional to log[1+D/(φ0|v|)]. We
expect this unphysical divergence to be regularized at
very small slip rates, when competing slow timescales
become relevant. We do not consider such effects in the
present paper.
8S2. THE QUASI-1D LIMIT OF THE
MOMENTUM BALANCE EQUATION
Here we show how to derive Eq. (5) in the main text.
The bulk force balance equation reads
ρu¨ = ∇ · σ , (A7)
where ρ is the mass density, u is the displacement field
and σ is the stress tensor field. We assume the bulk is
linear elastic, i.e.
σ = λ tr(∇u) + µ
[
(∇u) + (∇u)T
]
, (A8)
where λ is the first Lame´ coefficient and µ is the shear
modulus. Consider then a long linear elastic strip of
height H in frictional contact with a semi-infinite half
plane at y = 0 (x is the coordinate parallel to the in-
terface). For simplicity we ignore the third dimension
z. The external boundary conditions at y = H are
chosen here to be the normal and tangential stresses,
σyy(x, y = H, t) and σxy(x, y = H, t). The friction law,
Eq. (1) in the main text, dictates the shear stress at the
interface, σxy(x, y=0, t)= τ(x, t).
In order to obtain the quasi-1D limit of this 2D for-
mulation we assume that H is much smaller than any
lengthscale ℓ that characterizes the variation of quan-
tities in the x-direction. For simplicity we also choose
uy(x, y = 0, t) = 0. In the leading approximation with
respect to H/ℓ, the solution takes the form ux(x, t) and
uy ∼ y, which automatically satisfies the y-component
of Eq. (A7) (with Eq. (A8)). We then integrate the
x-component of Eq. (A7) over y from 0 to H , obtaining
Hρ u¨x ≃ H ∂xσxx + σxy(x,H, t)− σxy(x, 0, t) , (A9)
Finally, we define τd =σxy(x,H, t) and use Eq. (A8) to
obtain σxx∼µ∂xux (recall that λ∼µ), which leads to
Hρ u¨x ≃ Hµ∂xxux + τ
d − τ(x, t) , (A10)
which is Eq. (5) in the main text. Such a reduction from
2D to 1D was discussed in [2]. We finally stress that the
quasi-1D approximation breaks down when ℓ ≃ H , which
does not necessarily imply unrealistically small values of
H .
S3. PREDICTIONS FOR cmin AND ℓ(c)
Here we show how to derive the prediction for cmin
and ℓ(c) in Eqs. (9)-(10) in the main text using Eqs.
(6)-(8), in the spirit of [2]. We focus on the minimum of
the steady sliding curve, τd=τm and v=vm, and denote
the spatial lengthscale of variation of the rupture fields at
this point by ℓ(cmin). The typical timescale of variation
of the fields is D/vm. The passage time of the front is
ℓ(cmin)/cmin. Equating the two yields
ℓ(cmin) ∼ D
cmin
vm
. (A11)
To proceed, we estimate the left-hand-side of Eq. (6) by
−Hµvm/[ℓ(cmin)cmin], where we neglected inertia, as-
suming cmin≪ cs=
√
µ/ρ. We estimate the right-hand-
side, τd−τel−τvis, as the dynamic stress drop ∆τ=σ∆f
(i.e. the difference between the peak stress and the steady
sliding stress, cf. Fig. 2, middle panel). For the latter
we use
τd = τm ≈ A0
[
µ0D
h
+ η v∗ log
(
1 +
vm
v∗
)]
, (A12)
τel ≈ τcA0(1 + ψ0) , (A13)
τvis ≈ η v∗A0 log
(
1 +
vm
v∗
)
, (A14)
which leads to
∆τ = σ∆f ≈
σ
σH
[
τc(1 + ψ0)−
µ0D
h
]
. (A15)
Substituting these estimates in Eq. (6) gives
−
µHvm
ℓ cmin
≈ −σ∆f , (A16)
which immediately yields Eq. (9) in the main text when
Eq. (A11) is used.
A few comments regarding the choice of the scaling es-
timates in Eqs. (A12)–(A14) are in place. These three
terms estimate the amount by which τel + τvis over-
shoots τd (the dynamic stress drop), which drives the
v variation on the left-hand-side. τd is estimated in
Eq. (A12), where we neglected the steady-state value of
ψ= b log(1 + φ/φ∗), as it is much smaller than unity. In
order to obtain a very rough estimate of the peak value of
τel+ τvis, we approximated τel in Eq. (A13) by its value
when the interface starts to break and τvis in Eq. (A14)
was estimated by its value in the sliding region (again
neglecting the steady state value of ψ). This rough es-
timate for the peak value of τel + τvis may not always
be accurate, and significant changes of the constitutive
parameters might lead to a somewhat different choice of
scaling estimates. However, these estimates and some
possible variants of them, properly capture the essence
of the scaling properties of cmin.
Upon increasing τd sufficiently above τm, rupture trav-
els at a non-negligible fraction of the sound speed and we
can no longer neglect the inertial term in Eq. (6). The
sliding velocity in the sliding region is the solution corre-
sponding to larger v of two solutions of the equation (see
Fig. 1a in the main text)
τd
σ
=
β
b
+ α log
(
1 +
v
v∗
)
+ β log
(
1 +
D
φ∗v
)
. (A17)
For v≫ vm we can neglect the second logarithmic term
and solve for v
v ∼ exp
[
τd
σ α
−
β
b α
]
v∗ . (A18)
The analog of relation (A11) for the inertial regime reads
ℓ(c∼ cs)∼Dc/v. This, together with Eq. (A18), yields
Eq. (10) in the main text.
9S4. MATERIAL PARAMETERS FOR GRANITE
AND PMMA
Frictional parameters seem to be sensitive to environ-
mental and experimental conditions. Somewhat different
results for (supposedly) the same material, sometimes by
the same research group, were reported. However, the
trends are robust, as well as the order of magnitude of
the parameters. With this in mind, we compiled a list of
parameters with which our model satisfactorily describes
various data sets for granite and PMMA. Granite is a
rather representative crustal rock and PMMA was ex-
tensively characterized in laboratory measurements, in-
cluding the interfacial elastic response [3]. Moreover,
PMMA was used in the most conclusive experiments
which demonstrated the existence of slow rupture modes
[4, 5].
µ 20 GPa τc 2 GPa
σH 2.86 GPa b 0.0071
ρ 2,600 Kg/m3 D 5 µm
v∗ 0.0035 µm/sec D/φ∗ 16 µm/sec
η 2.91 GPa (µm/s)−1 µ0/h 400 MPa/µm
TABLE I: Elastic and frictional parameters for granite.
We extracted the material parameters of granite from
various sources. µ = 20GPa and ρ = 2, 600kg/m3 were
taken in accordance with [6, 7]. D=5µm was taken from
Fig. 5 of [8]. H was taken to be 100µm, as reported
in the main text, to ensure H ≫D. We then used Eq.
(4) in the main text to fit the steady-state sliding friction
coefficient (Fig. 1c in the main text). This fit yielded the
values of α, β,D/φ∗ and v∗. Using these parameters and
the definitions α= ηv∗/σH , β=µ0Db/σHh we extracted
φ∗, σH , η, and b, all of which are summarized in Table
I. The value φ∗ = 0.31sec is consistent with [8]. τc was
estimated as 0.1µ = 2GPa, as suggested in [9]. Lack-
ing experimental measurements of interfacial elasticity
in granite, we estimated µ0/h to be roughly τc/D, which
gives reasonable results. As a self-consistency check of
the latter estimate, we note that our parameters imply
µ0D/h= 2GPa. D/h was estimated in [8] as 0.2 − 0.5,
yielding µ0 = 4 − 10GPa. This suggests that the inter-
facial elastic modulus is somewhat softer than the bulk
one, though of the same order of magnitude.
The material parameters of PMMA were likewise ex-
tracted from a variety of sources. The interfacial elastic
response data of Fig. 2 in [3] indicates that hσH/µ0 is in
the µm scale. The slope of the ageing data in Fig. 9 of
[1] implies β= µ0D bσHh ≃0.02. The “direct effect” measure-
ment in Fig. 4 of [1] implies α = ηv∗/σH≃0.005. v
∗ was
estimated as the lowest slip rate for which the logarith-
mic “direct effect” is observed. The data presented in
Fig. 1b in the main text is consistent with β−α≃0.015.
D was determined to be 0.9µm in [10] and 0.4µm in [11].
With these constraints, and using known values of inde-
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FIG. S5: From top to bottom, v(ξ), τ (ξ) (green), τ el(ξ) (ma-
genta) and A(ξ) for a steady state rupture mode propagating
in PMMA from left to right at 3.8 m/sec ≪ cs. The spatial
scale of variation of the fields is denoted by ℓ. The homo-
geneous states that the rupture mode smoothly connects are
marked by horizontal dashed lines.
pendently measured parameters such as µ, σH , ρ and τc
(which is estimated as the yield stress), we fitted all of
the aforementioned experimental data. The parameters
are summarized in Table II.
µ 3.1 GPa τc 130 MPa
σH 540 MPa b 0.075
ρ 1,200 Kg/m3 D 0.5 µm
v∗ 0.1 µm/sec D/φ∗ 1.5 mm/sec
η 27 MPa (µm/s)−1 µ0/h 300 MPa/µm
TABLE II: Elastic and frictional parameters for PMMA.
In Fig. 2 in the main text we present the solution of
Eqs. (6)-(8) for granite with τd= τm. For completeness,
we present here in Fig. S5 the corresponding solution for
PMMA. The major quantitative difference is the value of
cmin, which is discussed in the main text.
S5. 2D FORMULATION
In the main text a quasi-1D model was studied. Look-
ing forward to future applications in 2D and 3D (cur-
rently underway) we briefly present here such formula-
tions, focusing on the boundary equations imposed by
the friction law in both the elastic and sliding regimes.
We first discuss the elastic response below the threshold.
For that aim, consider a block of height H + h and elas-
tic shear modulus µ, under a uniform shear stress τ at
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the top. Consider then an interfacial boundary layer of
shear modulus µ0 and height h. Denote the the displace-
ment in the x-direction at y =H+h by ux(H) and the
displacement at y=h by uel. We immediately obtain
τ = µ(u(H)− uel)/H, τ = µ0Au
el/h . (A19)
Solving for ux(H) and u
el we obtain
u =
Hτ
µ0
(
µ0
µ
+
h
H A
)
, uel =
h τ
µ0A
. (A20)
For
µ0
µ
≫
h
H A
, (A21)
we have uel ≪ ux(H), motivating the boundary con-
dition ux(x, y = 0, t) ≈ 0, which more generally reads
u˙x(x, y=0, t)≈0. In the experiments of [3] the inequality
(A21) was not satisfied, even though a macroscopic sys-
tem was studied, since A∼ σ was relatively low. Then,
interfacial elasticity was directly observed. In addition, in
our quasi-1D calculations σ was large, but H was small,
again invalidating the inequality. We believe, however,
that the inequality in (A21) is satisfied for macroscopic
systems (h in our case is of the order of 1−10µm) under
large normal stresses (∼ 1MPa or more) and rather gen-
erally leads to the boundary condition u˙x(x, y=0, t)≈ 0
below the threshold. Above the threshold (τ > τcA), in
the sliding regime, Eqs. (2)-(3) in the main text are used
with θ(·)=1. This is a stress-controlled boundary condi-
tion, as opposed to a displacement-controlled boundary
condition below the threshold.
S6. RELATION TO CONVENTIONAL
RATE-AND-STATE MODELS
Finally, we note that the conventional rate-and-state
model [1] features similar slow rupture solutions. To see
this, replace Eq. (2) in the main text with its sliding
steady state solution, τel ∼A(φ) (which means that τel
evolves much faster than φ) , and set θ(·)=1 in Eq. (3).
The result is the classical formulation of rate-and-state
friction [1]
f(v, φ)=f0+α log
(
1 +
v
v∗
)
+β log
(
1 +
φ
φ∗
)
,
φ˙ = 1− φ |v|/D ,
(A22)
where f(0, φ)σ is understood as a threshold for the onset
of slip. Then, the analog of Eqs. (6)-(8) in the main text
read
H (µ/c− cρ) ∂ξv(ξ) = τ
d − f(v, φ)σ , (A23)
−c ∂ξφ(ξ) = 1− φ(ξ)
|v|
D
. (A24)
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FIG. S6: From top to bottom, v(ξ), τ (ξ) and A(ξ)/A0 =
1 + b log [1 + φ(ξ)/φ∗] for a steady state rupture mode prop-
agating in granite from left to right at 3.59 mm/sec, us-
ing the classical rate-and-state model in Eqs. (A23)-(A24).
b = 0.0071 as in Table I and ξ > 0 is not shown since we did
not solve anything in this range. Compare these results to
Fig. 2 in the main text.
These equations are valid for in the flowing region, ξ<
0, while one should not solve for ξ>0, but rather set the
boundary conditions at ξ= 0 to v(0) = 0 and φ(0) = φ0.
Integrating these equations with φ0 ≃ 10
3 sec, f0 = 0.7,
α = 3.6× 10−3 and β = 5× 10−3, and determining c
from the solvability condition of converging to the steady
sliding fixed point as ξ → −∞, we obtain the solution
presented in Fig. 2.
Comparing this figure to Fig. 2 in the main text, we
see that the results agree semi-quantitatively with one
another. Therefore, we conclude that conventional rate-
and-state friction models feature slow rupture solutions
as long as they exhibit a non-monotonic steady sliding
behavior. Furthermore, while the dynamics of τel in Eq.
(2) in the main text are physically motivated and sup-
ported by measurements of interfacial elastic response,
this equation does not play a crucial mathematical role
in obtaining slow rupture solutions.
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